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Let Gpx(V,E), k < n, denote discrete Borsuk graph with the set of vertices V(Gp %) =
{+1,—1}" and the set of edges E(Gy i) = {uv| dg(u,v) > n — k}. Thus, a vertex v € V(Gp ) is
represented by a string vy ...v,, v; € {+1,—1}, of length n, and two vertices are joined with an
edge if their Hamming distance is at least n — k.

Let G}, (V. E), k < n, denote a graph with the set of vertices V(G ;) = {+1, 1,42, -2}" and
the set of edges E(G ) = {w]| Vi {u;,v;} € {{+1, -1}, {+1,+1},{- 1,—1}, {42, -1}, {-2,+1},
{—2,4+2}} and [{¢| {uz,vz} = {+2,—-2}}| > n — k}. Thus, a vertex v € V(G) is represented by a
string vy . ..v,, but now v; € {41, —1,+2, -2}, of length n, and two vertices are joined with an
edge if they are opposite in some sense and if the number of ”ambiguities” is at most k.

Our problem can be stated as follows: Is there a graph homomorphism h from V(G ;) to
V(Gnk), if I > k + 1, for infinitely many n (if we consider k and [ to be fixed) ? If that is the case
try to find the largest such [ in terms of k.

In what follows that we show that it is doable in the case when [ = k+1 and if n—k = 0(mod 2).

We construct a graph homomorphism h from V(G ;1) to V(Gpy), if n — k = 0(mod 2) and
k > 0 (the case k = 0 is trivial). Let par(v) =, sgn(v;) mod 2, v € V(G ) orve V(Gy),
where sgn(a) = 1, if a > 0, and sgn(a) = 0, otherwise. Thus, par(v) is a pf;rity function. Let
c(a) =1, if a > 0, and ¢(a) = —1, otherwise.

c(vr)...c(vy) {i| v; € {+1,—-1}}| =0
h(v) =< c(v1)...c(vy) |{i| v; € {+1,-1}}| >0 and par(v) =0
c(vr) ... —c(vj)...c(vy) |{i| vi € {+1,—1}}| >0 and par(v) =1

vj € {+1,—1} (chosen arbitrarily)

In order to prove that h is a homomorphism we show that if wv € E(G], ;) then h(u)h(v) €
E(G,). If wor v does not contain +1 or —1 we are done, since now, dH(h( )h(v)) > n —1 and
k > 0. The situation is also trivial if |{i| {u;,v;} = {+2,—2}}| > n —k — 1. So, from now on we
assume that both v and v contain at least one +1 or —1, and |{i| {u;,v;} = {+2,-2}}| =n—k—1.
We have constructed h such that the vertices having at least one 1 are mapped to the vertices
w with par(w) = 0. Hence, if uv € E(G}, ;) and |[{i| {uw;,vi} = {+2,-2}}| = n —k — 1, the
mapped ambiguous parts of v and u (i.e. all c(v;) and ¢(u;) such that {u;,v;} # {+2, —2}) cannot
be equal at all positions, as otherwise par(h(u)) # par(h(v)) (note that n —k —1 = 1). Thus,
dg(h(u)h(v)) > n — k, and that in turn implies that h(u)h(v) € E(Gp k).



